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Abstract

We give sufficient conditions for the universality of tensor products fTn
f##Rn : nANg of

sequences of operators defined on Fréchet spaces. In particular we study when the tensor

product Tf##R of two operators is chaotic in the sense of Devaney. Applications are given for

natural operators on function spaces of several variables, in Infinite Holomorphy, and for

multiplication operators on the algebra LðEÞ following the study of Kit Chan.

r 2003 Elsevier Inc. All rights reserved.
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A sequence fTn : E-E : nANg of operators on a Fréchet space E is called
universal provided there exists some universal vector xAE such that

fTnx : nANg ¼ E:

In other words: Every element in E can be approximated by elements in the orbit of
x: An operator T on E is said to be hypercyclic if the sequence of its iterates
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fTn : nANg is universal, i.e., T is hypercyclic if there exists some xAE with dense orbit

OrbðT ; xÞ :¼ fTnx : nANg ¼ E:

If in addition T admits a dense subsetPCE of periodic points, then T is chaotic in the
sense of Devaney [15] (see e.g. [3]).

Our main purpose in this paper is to give a general tool which permits us to obtain
hypercyclicity, universality or chaos for operators that can be represented as tensor
products of simpler operators. This is the case, e.g., of many operators defined on
function spaces of several variables (translations, partial differential operators, etc.)
that admit a tensorial representation with factors consisting of operators on function
spaces of one variable.

The study of the chaotic behavior of linear operators on infinite dimensional
spaces goes back to Birkhoff in 1929 [7]. He showed that the translation operator
Ta :HðCÞ-HðCÞ; f ðzÞ/f ðz þ aÞ; ðaa0Þ; is hypercyclic on the Fréchet space
HðCÞ of entire functions. This result was generalized by Godefroy and Shapiro [19]

who proved that every operator on HðCNÞ that commutes with all translations, and
is not a scalar multiple of the identity, is chaotic. As a consequence they also

obtained that every partial differential operator on RN ; which is not a scalar multiple

of the identity, is chaotic on the Fréchet space CNðRNÞ: In [8] hypercyclicity of
convolution operators on some Fréchet spaces of CN-functions is studied. The
existence of hypercyclic operators on arbitrary separable Fréchet spaces was proved
in [11] extending the Banach space result of Ansari and Bernal. However, not every
separable Banach space admits a chaotic operator [9]. During the last years there
have been many contributions to the topic by several authors, especially in the
Banach space setting. The article of Grosse–Erdmann [20] constitutes an exhaustive
up to 1999 survey of universal sequences of operators and hypercyclicity. Supercyclic
operators yield an interesting type of universality. We recall T is supercyclic if there
is a vector in the space whose multiples of the orbit form a dense set. Equivalently, if
the sequence flnTn : nANg is universal, where ðlnÞ is some sequence in the scalar
field. Although not specifically stated, many of the results in this note remain valid
for supercyclicity.

In contrast with non-linear phenomena, where a rigorous establishment of chaotic
behavior is usually a difficult task, there are ‘‘computable’’ sufficient conditions for
hypercyclicity (and universality) of linear operators. These conditions are essentially
summarized in the so-called Hypercyclicity Criterion. It is not known whether every
hypercyclic operator satisfies this criterion, but many classes of hypercyclic operators
(e.g., chaotic operators [6]) fulfill the Hypercyclicity Criterion.

In the first section of this paper we recall basic definitions and facts about
universality and tensor products and we give all the general results concerning
universality, hypercyclicity and chaos of tensor products of operators. It is not
surprising that the Universality Criterion is involved in sufficient conditions for
universality of tensor products. However, this criterion is just needed in one of the
factors of the tensor product, while much weaker conditions are required in the

second factor. In particular we obtain that the tensor product Tf##I of an operator T
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satisfying the Hypercyclicity Criterion, with the identity operator I ; is hypercyclic.
We finish this section with the comparison of stability properties of hypercyclicity by
taking direct sums or tensor products. It is shown that T"T is hypercyclic if and

only if Tf##I is hypercyclic, which gives another equivalent formulation (in the
context of tensor products) of an old problem of Herrero.

The second section is devoted to examples and applications of the techniques
introduced in the first section. We characterize hypercyclicity of tensor products of
unilateral weighted backward shifts and we give an easier alternative proof of a

result of Abe and Zappa concerning universality of translations in HðCNÞ: The
methods of Section 1 also allow us to study the universality of multiplication
operators on the algebra LðEÞ endowed with the strong operator topology (SOT),
for separable Banach spaces E: This line of work was initiated by Kit Chan [12] who
showed that left multiplication operators LT : BðHÞ-BðHÞ; R/TR; on the
algebra BðHÞ of bounded operators on a separable Hilbert space with the SOT
are hypercyclic provided that T satisfies the Hypercyclicity Criterion. We generalize
his results using a different approach. We close the section with results concerning
hypercyclicity and chaos of certain composition operators in Infinite Holomorphy.
The results of this paper are part of F. Martı́nez-Giménez’s Ph.D. thesis [23], under
the advice of A. Peris.

1. Tensor stability of universality and chaos

From now on fTn : E-E : nANg will denote a sequence of (continuous and
linear) operators on a separable Fréchet space E: We will give a general sufficient
condition for universality. This condition is inspired in the so-called Hypercyclicity
Criterion given by Kitai [22] in her unpublished Ph.D. thesis and rediscovered by
Gethner and Shapiro [18]. We use the general form of this Criterion as given in [6].
The proof of universality for operators satisfying the Criterion is based on a Baire
category argument (see [20]). Even more, under the hypothesis of the following
definition, there exists a dense Gd set of universal vectors. Hypercyclicity is a
particular case.

Definition 1.1. We say that fTn : nANg satisfies the Universality Criterion (UC)
provided there exist X and Y dense subsets of E and maps Sn : Y-E; nAN; such
that

(i) Tnx ��!n-N

0 for all xAX ;

(ii) Sny ��!n-N

0 for all yAY ;

(iii) ðTn 3 SnÞy ��!n-N

y for all yAY :

An operator T on E is said to satisfy the Hypercyclicity Criterion (HC) with respect
to an increasing sequence of positive integers ðnkÞ; if the sequence of iterates
fTnk : kANg satisfies the Universality Criterion.
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Operators T satisfying the HC are characterized in [6] as those such that T"T is
hypercyclic. This result established an equivalence between an open problem of
Herrero [21], which asks if T"T is hypercyclic whenever T is, and the interesting
question of whether every hypercyclic operator on a separable Fréchet space satisfies
the HC.

Remark 1.2. (1) Let fTn : nANg be a sequence of operators and ðnkÞ an increasing
sequence of positive integers. It is easy to see that if fTn : nANg satisfies the UC then
fTnk

: kANg also satisfies the UC, and that the existence of universal vectors for

fTnk
: kANg implies the universality of fTn : nANg: This observation, together with

the convenience of presentation, motivates us to define the UC for the whole
sequence of integers instead of stating it in terms of subsequences.

(2) Without loss of generality we can suppose (and we will) that the dense subsets
X ;YCE are actually subspaces and that the maps Sn are linear in the above
criterion. This can be done by considering algebraic basis, contained in X and Y

respectively, of the span of these sets, and then linearly extend the original Sn to the
span of Y :

Shapiro [27] gave another useful condition, known as the Hypercyclicity

Comparison Principle (HCP): If T : ðE; tÞ-ðE; tÞ is such that there is a dense
subspace F+E and a finer topology t0 on F such that T jF : ðF ; t0Þ-ðF ; t0Þ is

hypercyclic, then T is hypercyclic. In [24] we generalized this result via commutative
diagrams. The following lemma is a consequence and we will use it repeatedly
through the paper.

Lemma 1.3. Let Ti;n : Ei-Ei : nAN be a sequence of operators on a separable Fréchet

space Ei; i ¼ 1; 2; and let f : E1-E2 be a continuous map with dense range such that

T2;n 3 f ¼ f 3 T1;n; for all nAN: That is, the diagram

commutes for all nAN: If fT1;n : nANg is a universal sequence (satisfies the UC), then

fT2;n : nANg is also a universal sequence (satisfies the UC). For single operators

Ti : Ei-Ei; i ¼ 1; 2; such that T2 3 f ¼ f 3 T1 we have:

(1) If T1 is hypercyclic, then T2 is also hypercyclic.
(2) If T1 is chaotic, then T2 is also chaotic.
(3) If T1 satisfies the HC, then T2 also satisfies the HC.

The goal of this section is to study conditions under which tensor products of
operators are universal, hypercyclic or chaotic. A reasonable guess is that tensorizing
sequences of operators that satisfy the UC should lead to a universal sequence.

ARTICLE IN PRESS
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However, we can give a stronger result since conditions on one of the factors can be
actually weakened. We have to introduce a new concept that is related to the UC.

Definition 1.4. We say that a sequence fTn : nANg of operators on E satisfies the
Tensor Universality Criterion (TUC) if there exist dense subsets X and Y of E; and
maps Sn : Y-E; nAN; such that

(i) fTnxgNn¼1 is bounded for each xAX ;

(ii) fSnygNn¼1 is bounded for each yAY ;

(iii) ðTn 3 SnÞy ��!n-N

y for all yAY :

An operator T on E satisfies the Tensor Hypercyclicity Criterion (THC) with respect
to an increasing sequence of positive integers ðnkÞ; provided the sequence of iterates
fTnk : kANg satisfies the TUC.

Remark 1.5. In a similar way to Remark 1.2, it is easy to see that if fTn : nANg
satisfies the TUC and ðnkÞ is an increasing sequence of positive integers, then
fTnk

: kANg also satisfies the TUC. Also, without loss of generality, we may (and

will) suppose that the subsets X and Y in the previous definition are in fact subspaces
of E and that the maps Sn are linear.

Example 1.6. (1) Obviously, sequences of operators satisfying the UC satisfy the
TUC.

(2) Any (surjective) isometry on a Banach space satisfies the THC with respect to
the sequence of all positive integers.

(3) If an operator R on a Fréchet space E has a dense set of periodic points, then R

satisfies the THC with respect to the sequence of positive integers. Indeed, let X be

the set of periodic points of R: Then fRkxgkX1 is bounded for each xAX ; since the

orbit of a periodic point is finite, and RjX : X-X is a bijection. We define Sk :¼
Sk; kAN; where S :¼ ðRjX Þ�1: In particular, if Rn ¼ I (the identity operator) for

some nAN; then R satisfies the THC.

Let us establish the necessary notation and preliminaries on tensor products of
locally convex spaces. For a complete description we refer the reader to the book of
Defant and Floret [14, Section 35]. We will first recall the definition of the projective
tensor norm, associated with the nuclear norm of operators. If G is a locally convex
space then csðGÞ denotes the set of all continuous seminorms on G:

Definition 1.7. Given G and H locally convex spaces, the projective topology p on
the tensor product G#H is defined as the locally convex topology generated by the
family of seminorms Ap :¼ f p #p q : pAcsðGÞ; qAcsðHÞg; where

p#p qðzÞ :¼ inf
Xn

j¼1

pðxjÞqð yjÞ : z ¼
Xn

j¼1

xj#yj

( )
; zAG#H:
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For elementary tensors z ¼ x#y we just have p #p qðzÞ ¼ pðxÞqð yÞ: With this

topology the space is denoted by G#pH; and its completion is Gf##pH:

Given a tensor norm ‘‘a’’ (see [14, Chapter II]), we have the corresponding locally
convex topology on the tensor product G#H of two locally convex spaces G and H:
The space is then denoted by G #a H: The metric mapping property for tensor
norms yields that the operator T1#T2 : G1#aG2-H1#aH2 is continuous whenever
T1 : G1-H1 and T2 : G2-H2 are continuous operators between locally convex
spaces (see [14, 35.2]). On the other hand the projective topology is finer than the a-
topology on G#H: These two properties constitute all we need to know about
tensor norms for our purposes.

We can now state the main result of this section.

Theorem 1.8. Let E and F be separable Fréchet spaces. If the sequence of operators

fT1
n : E-E : nANg satisfies the UC, and the sequence of operators fT2

n : F-F : nANg
satisfies the TUC, then

fT1
n
f##T2

n : Ef##aF-Ef##aF : nANg

satisfies the UC, and therefore is universal, for any tensor norm a:

Proof. Let X 1;Y 1CE; X 2;Y 2CF be dense subspaces and S1
n : Y 1-E;

S2
n : Y 2-F ; nAN; linear maps satisfying the conditions of UC and TUC for the

sequences of operators fT1
n : E-E : nANg and fT2

n : F-F : nANg; respectively. We

will see that X :¼ X 1#X 2; Y :¼ Y 1#Y 2 and the maps

Sn :¼ S1
n#S2

n : Y-E#F ; nAN;

are such that conditions (i)–(iii) of the UC are satisfied for the sequence of
operators

fTn :¼ T1
n
f##T2

n : Ef##aF-Ef##aF : nANg:

The fact that the maps Si
n; i ¼ 1; 2; nAN; are linear is essential in order to have

that SnðzÞ is independent of the representation of z as a tensor and, therefore, to get
that the maps Sn are well defined.

It will suffice to show that convergences in (i)–(iii) are valid for the p-topology
(which is the finest one). To do this, let pAcsðEÞ and qAcsðFÞ: Then, if we compute
on elementary tensors, we have

lim
n

p #p qððT1
n#T2

n Þðx1#x2ÞÞ

¼ lim
n

pðT1
n x1ÞqðT2

n x2Þ ¼ 0; 8xiAXi; i ¼ 1; 2;

since the first sequence tends to 0 and the second one is bounded. Analogously

lim
n

p #p qðSnð y1#y2ÞÞ ¼ 0; 8yiAYi; i ¼ 1; 2:
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This implies conditions (i) and (ii) of the UC by taking linear combinations of
elementary tensors. Finally,

lim
n

p #p qðTnSnð y1#y2Þ � ð y1#y2ÞÞ

¼ lim
n

p #p qðTnSnð y1#y2Þ � ð y1#T2
n S2

ny2Þ þ ð y1#T2
n S2

ny2Þ � ð y1#y2ÞÞ

p lim
n
½ pðT1

n S1
nð y1Þ � y1ÞqðT2

n S2
nð y2ÞÞ

þ pð y1ÞqðT2
n S2

nð y2Þ � y2Þ� ¼ 0; 8yiAYi; i ¼ 1; 2;

which completes the proof. &

Remark 1.9. Universality is a phenomenon that occasionally occurs for operators
Tn : G-H with different domain and range spaces. Corresponding UC and TUC
criteria can be defined, and a result which is analogous to theorem above holds if we
assume G Fréchet, and H metrizable and separable. We did not follow this
framework for convenience of the presentation.

The corresponding version for hypercyclicity is now a consequence of this
theorem.

Corollary 1.10. Let E and F be separable Fréchet spaces, and T : E-E; R : F-F ;
operators such that T satisfies the HC and R satisfies the THC (with respect to a

common sequence of integers), then

Tf##R : Ef##aF-Ef##aF

satisfies the HC (and therefore is hypercyclic) for any tensor norm a:

An interesting particular case can be derived from Examples 1.6 (3).

Corollary 1.11. Let E and F be separable Fréchet spaces and T : E-E an

operator satisfying the HC. If the operator R : F-F has a dense set of periodic

points, then

Tf##R : Ef##aF-Ef##aF

is hypercyclic for any tensor norm a:

This corollary and the fact that chaotic operators satisfy the HC [6, Proposition
2.14], have an important consequence about chaos of tensor products of operators.

Corollary 1.12. If E and F are separable Fréchet spaces, the operator T1 : E-E is

chaotic, and T2 : F-F has a dense set of periodic points, then

T1
f##T2 : Ef##aF-Ef##aF

is chaotic for any tensor norm a: In particular T1
f##T2 is chaotic if T1 and T2 are so.
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F. Mart!ınez-Giménez, A. Peris / Journal of Approximation Theory 124 (2003) 7–24 13



Proof. By [6, Proposition 2.14], T1 satisfies the HC. By Corollary 1.11 we have that

T1
f##T2 is hypercyclic on Ef##aF :
Let PðT1ÞCE and PðT2ÞCF be the sets of periodic points for T1 and T2;

respectively. We first observe that PðT1Þ and PðT2Þ are dense linear spaces, hence

PðT1Þ#PðT2Þ is a dense subspace of Ef##aF : On the other hand each point of
PðT1Þ#PðT2Þ is a periodic point for T1#T2: &

It is interesting to observe that chaotic operators T1 and T2 which do not satisfy
the HC with respect to a common sequence of integers can be constructed, but

T1
f##T2 should be chaotic in view of the previous result. This can be done, for

instance, with weighted shifts.

Remark 1.13. Those readers interested in transitivity or chaos for non-metrizable or
non-separable spaces might wonder about these properties for tensor products of
operators defined on arbitrary locally convex spaces. We notice that the HC always
implies transitivity, and that neither separability nor metrizability was necessary in
the proof of Theorem 1.8 to obtain the Criterion in the tensor product. Therefore, if
T and R are defined on general locally convex spaces, T satisfies the HC, and R

satisfies the THC, then T#R is transitive.

We would like to finish this section with a comparison of hypercyclicity of direct
sums with hypercyclicity of tensor products. It is known that if T and R satisfy the
HC, with respect to a common sequence of integers, so does the direct sum T"R:
The same is true for tensor products as a consequence of Corollary 1.10. However, if
T"R is hypercyclic then T and R are also hypercyclic, while it may happen that

Tf##R is hypercyclic with neither T nor R hypercyclic. If we take T :¼ 2I and the
backward shift R :¼ B; as operators defined on l2; then it is evident that none of them

is hypercyclic. But Tf##R ¼ If##2B; with the operator 2B satisfying the HC and I
satisfying the THC (both with respect to the whole sequence of integers). Corollary

1.10 gives the hypercyclicity of Tf##R: The following result clarifies the connection
between hypercyclicity of tensor products and hypercyclicity of direct sums, and
yields another equivalent formulation (in the context of tensor products) of an old
problem of Herrero [21].

Proposition 1.14. Let E be a separable Fréchet space, T : E-E an operator, and F a

separable Fréchet space with dimðFÞX2: The following are equivalent:

(1) T satisfies the HC,
(2) Tf##I : Ef##aF-Ef##aF is hypercyclic for any (some) tensor norm a:
(3) T"T : E"E-E"E is hypercyclic.

Proof. ð1Þ-ð2Þ This is a consequence of Corollary 1.11 by taking R ¼ I :
ð3Þ-ð1Þ This is one of the implications in [6, Theorem 2.3].

ARTICLE IN PRESS
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ð2Þ-ð3Þ Since dimðFÞX2 there exist linearly independent f �
1 ; f �

2 AF 0: Define then

f : Ef##aF-E"E;

f
X

ei#fi

� �
:¼

X
ei/ fi; f �

1 S;
X

ei/ fi; f �
2 S

� �
:

The operator f is surjective (given e1; e2AE; we take f1; f2AF such that / fi; f �
j S ¼

dij and we have fðe1#f1 þ e2#f2Þ ¼ ðe1; e2Þ). On the other hand

ðT"TÞ f
X

ei#fi

� �� �
¼
X

Tei/ fi; f �
1 S;

X
Tei/ fi; f �

2 S
� �

¼f ðTf##IÞ
X

ei#fi

� �� �
;

that is, the diagram

is commutative. Lemma 1.3 completes the proof. &

We are ready to formulate an equivalent problem to Herrero’s, which asks
whether T"T is hypercyclic whenever T is so. As a consequence of [6, Theorem
2.3], our problem is also equivalent to the question about the existence of hypercyclic
operators not satisfying the HC.

Problem 1.15. Is Tf##I : Ef##pE-Ef##pE hypercyclic for every hypercyclic operator T

on a separable Fréchet space E?

The case of the tensor product of an operator with itself seems to be even more
intriguing.

Problem 1.16. Let T be an operator on a separable Fréchet space. If T is hypercyclic,

is Tf##T hypercyclic? Is the converse true?

2. Examples and applications

This section is devoted to applications of the general theory described in the
previous section. We show a few possible future trends of applications of tensor
product techniques in the context of universality, chaos, and cyclic behavior of
operators. However, it is not our purpose to cover exhaustively many examples. The

ARTICLE IN PRESS
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first example shows how to obtain universality of operators on function spaces of
several variables, based on the corresponding result for one variable. It was our aim
to characterize hypercyclicity of tensor products of operators within a ‘‘nice class’’ of
operators. We do so for the class of weighted backward shift operators. It also turns
out that the study of universality of multiplication operators on the algebra LðEÞ; as
a continuation of the work initiated by Chan [12], fits within the framework of tensor
products in a natural way: Proofs are much simpler and the results obtained are
stronger. Finally we study hypercyclicity and chaos of certain composition operators
in Infinite Holomorphy via tensor products.

2.1. Operators on function spaces of several variables

In 1929 Birkhoff [7] proved the universality of translation operators on HðCÞ
endowed with the topology of uniform convergence on compact sets. Godefroy and

Shapiro [19] showed that every operator on HðCNÞ that commutes with all
translations, and is not a scalar multiple of the identity, is chaotic. A generalization

to HðCNÞ of Birkhoff’s universality is due to Abe and Zappa [1, Section 2] (see
below). A much stronger result is presented in [4, Theorem 8]. Cyclicity (another
version of universality) of translation operators defined on certain function spaces of
several variables was studied in [25, Section 3].

Abe–Zappa’s result: Let HðCNÞ be the space of holomorphic functions on CN

endowed with the topology of uniform convergence on compact sets. For aACN ; Ta

denotes the translation operator

Ta :HðCNÞ-HðCNÞ : Taf ðzÞ :¼ f ðz þ aÞ:

Let fað jÞgjX1 be a sequence in CN with supj jjað jÞjj ¼ N: Then the sequence fTað jÞgjX1

is universal.

Here is a proof using our tensor product techniques: We recall that HðCNÞ can be

represented as the tensor product f##N;p HðCÞ (it is enough to consider the extension

of the operator f1ðz1Þ#?#fNðzNÞ/f ðz1;y; zNÞ :¼ f1ðz1Þ?fNðzNÞ), and that the

operator Ta on HðCNÞ coincides with f##N
p i¼1 Tai

on f##N;p HðCÞ: Since

supj jjað jÞjj ¼ N; there exists an index 1pi0pN such that supj ja
ð jÞ
i0

j ¼ N: Without

loss of generality we will assume that i0 ¼ 1; that limj-N jað jÞ
1 j ¼ N and that there

exists a :¼ limj-N

a
ð jÞ
1

jað jÞ
1

j
(if not we pass to a suitable subsequence).

In this situation it is easy to prove that fT
a
ð jÞ
1

gjX1 satisfies the UC: We follow

Godefroy–Shapiro’s approach and define

X :¼ spanfelz : jealjo1g; Y :¼ spanfelz : jealj41g:

A Hahn–Banach argument shows that X and Y are dense in HðCÞ (see e.g. [19,
Section 5]). Alternatively it would be possible to give a direct argument. Let K be
a compact set of C and R40 such that jzjpR for each zAK : For any function
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f ðzÞ ¼ elz of X and for each z of K we have

jðT
a
ð jÞ
1

f ÞðzÞjpejljRjela
ð jÞ
1 j ¼ ejljR e

l
a
ð jÞ
1

jað jÞ
1

j

������
������
jað jÞ

1
j

��!j-N

0:

We define Sj :¼ T�a
ð jÞ
1

; jAN: Obviously T
a
ð jÞ
1

3 Sj ¼ IY : For any function gðzÞ ¼ elz

of Y and for each z of K we have

jðSjgÞðzÞjpejljRje�la
ð jÞ
1 j ¼ ejljR e

l
a
ð jÞ
1

jað jÞ
1

j

������
������
�jað jÞ

1
j

��!j-N

0:

For coordinates ia1; we have that either fjað jÞ
i jgjX1 is bounded, which easily implies

that fT
a
ð jÞ
i

gjX1 satisfies the TUC, or supj ja
ð jÞ
i j ¼ N; which yields that fT

a
ð jÞ
i

gjX1

satisfies the UC. Summarizing, we get a subsequence ðmkÞ of positive integers such
that ðT

a
ðmk Þ
1

Þ satisfies the UC, and for each ia1; ðT
a
ðmk Þ
i

Þ either satisfies the TUC or

the UC. The conclusion follows from Theorem 1.8.

2.2. Tensor products of backward shifts

Weighted backward shifts constitute an important class of operators which is the
‘‘favorite testing ground’’ for hypercyclicity (see [26]). The derivative operator,
defined on spaces of CN-functions in which the polynomials are dense, can be
represented as a weighted backward shift (see [19]). This motivates us to characterize
hypercyclicity of tensor products of weighted backward shifts on spaces of p-
summable sequences ð1ppoNÞ:

For 1ppoN; B : lp-lp denotes the backward shift operator defined by

Bðx0; x1;yÞ :¼ ðx1; x2;yÞ: Given a sequence of numbers fvigNi¼1; the associated

weighted backward shift is the linear map Bvðx0; x1;yÞ :¼ ðv1x1; v2x2;yÞ: It is easy
to see that a weighted backward shift is well defined and continuous if and only if

fvigNi¼1AlN and we will assume this from now on. Salas [26] showed that Bv is

hypercyclic on lp if and only if supnAN

Qn
j¼1 jvjj ¼ N ð1ppoN or p ¼ 0).

Accordingly, the following result should not be too surprising.

Proposition 2.1. Let 1pp; qoN and let Bv : lp-lp; Bw : lq-lq be two weighted

backward shifts. Then

Bv
f##Bw : lpf##alq-lpf##alq

is hypercyclic for any (some) tensor norm a if and only if

sup
nAN

Yn

j¼1

jvjwj j ¼ N:
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Proof. First observe that for ðx0; x1;yÞAlp and ð y0; y1;yÞAlq we have

jx0y0jpjjxjjpjjyjjq: Thus the map

f : lp � lq-K : f ðx; yÞ :¼ x0y0

is a continuous bilinear map which induces a continuous linear map fAðlp#a lqÞ0

that we can extend to fAðlpf##a lqÞ0: The sequence fBnf##BngNn¼1 is equicontinuous on

Lðlpf##alq; lpf##alqÞ (see [14, 35.2]). On the other hand, given nAN and x#y with xAlp
and yAlq;

f 3 ðBn
v
f##Bn

wÞðx#yÞ ¼ f ðBn
vx#Bn

wyÞ

¼ f ððv1?vnxn;yÞ#ðw1?wnyn;yÞÞ ¼
Yn

j¼1

vjwj

 !
xnyn;

and

Yn

j¼1

vjwj

 !
f 3 ðBnf##BnÞðx#yÞ ¼

Yn

j¼1

vjwj

 !
xnyn:

Therefore by linearity and continuity,

f 3 ðBn
v
f##Bn

wÞ ¼
Yn

j¼1

vjwj

 !
f 3 ðBnf##BnÞ ð1Þ

on lpf##alq for each nAN:

If supnAN

Qn
j¼1 jvjwjjoN; by (1) and the equicontinuity of fBnf##BngNn¼1 we then

have that f f 3 ðBn
v
f##Bn

wÞgnAN is equicontinuous on ðlpf##alqÞ0: Thus for any zAlpf##alq

the set f f 3 ðBn
v
f##Bn

wÞðzÞgnAN is bounded on K; which implies that z cannot be

hypercyclic for Bv
f##Bw:

Conversely, if supnAN

Qn
j¼1 jvjwj j ¼ N; we set

X ¼ Y :¼
Xn

i; j¼1

li; jei#ej : li; jAK; nAN

( )
;

and define the forward shifts Svðei�1Þ :¼ ð1=viÞei; Swðei�1Þ :¼ ð1=wiÞei; iAN: Note

that supnAN

Qn
j¼1 jvjwjj ¼ N implies via0awi for all iAN: Now the map S :¼

Sv#Sw : Y-Y is well defined. To show that Bv#Bw satisfies the HC, we observe:

(i) Bm
v #Bm

w ðei#ejÞ is eventually 0, therefore Bm
v #Bm

w x ���!m-N

0 for each xAX :

(ii) If we consider the constants

C1 :¼ 1þ sup
iAN

jvij; C2 :¼ 1þ sup
iAN

jwij;
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then our hypothesis implies

(m1ð41Þ :
Ym1

i¼1

jviwij4C1C2

^

(mkð4mk�1 þ kÞ :
Ymk

i¼1

jviwij4kCk
1Ck

2

^

Let nk :¼ mk � k; kAN: Given i; jAN; we define

Di; j :¼
Y
rpi

spj

jvrwsj;

and we take k4maxfi; jg: Then

jjSnkðei#ejÞjj ¼
1Qnk

r¼1 jviþrwjþrj
jjeiþnk

#ejþnk
jj

¼ Di; j
1Qiþnk

r¼1 jvrj
Qjþnk

s¼1 jwsj
oDi; j

Ck
1 Ck

2Qmk

r¼1 jvrj
Qmk

s¼1 jwsj
o

Di; j

k
��!k-N

0:

Hence Snk y ��!k-N

0 for each yAX :

(iii) The definition of S gives ðBv
f##BwÞ 3 S ¼ IY :

This means that Bv
f##Bw satisfies the HC with respect to the sequence ðnkÞ that we

selected, and therefore it is hypercyclic. &

Examples 2.2. (1) The tensor product of two hypercyclic operators is not necessarily

hypercyclic. The pair of weights v ¼ ðvjÞ :¼ ð2; 1
2
; 1
2
; 2; 2; 2;yÞ and w ¼ ðwjÞ :¼

ð1
2
; 2; 2; 1

2
; 1
2
; 1
2
;yÞ; satisfy supnAN

Qn
j¼1 vj ¼ N and supnAN

Qn
j¼1 wj ¼ N; so Bv and

Bw are hypercyclic by [26, Theorem 2.8]. Clearly
Qn

j¼1 vjwj ¼ 1 for all nAN and by

Proposition 2.1 we obtain that Bv
f##Bw is not hypercyclic.

(2) The condition for hypercyclicity of tensor products of weighted shifts clearly
implies that at least one of the factors satisfies the HC. This is probably all we can

say about the factors. For example, if we define v :¼
ð1; 2; 2; 1=23; 1; 1; 1; 2; 2; 2; 2; 2; 2; 1=27; 1; 1; 1; 1; 1; 1; 1;yÞ; and the other weight w :

¼ ð1; 1=2; 1; 2; 2; 2; 2; 1=25; 1; 1; 1; 1; 1; 2; 2; 2; 2; 2; 2; 2; 2;yÞ; then we have that

Bv
f##Bw is hypercyclic, and both Bv and Bw satisfy the HC. However, a careful

analysis shows that there is no ðnkÞ such that one of the weighted shifts satisfies the
HC, and the other one satisfies the THC, both with respect to ðnkÞ:

ARTICLE IN PRESS
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2.3. Multiplication operators on LðEÞ

Chan [12] studied the hypercyclicity of the left multiplication operator LTðSÞ :¼
T 3 S on the algebra LðHÞ (H Hilbert) endowed with the strong operator topology.
The proof of his result was direct assuming the HC on T : The surprising fact is
that no Baire argument is available in LðHÞ endowed with this topology as it
is far from being a Fréchet space. This result was generalized to the algebra of
bounded operators on arbitrary separable Banach spaces in [13]. We will
characterize universality of left multiplication operators by using tensor product
techniques, which differs from Chan’s approach. In [10] we extend our study to
right multiplication operators, ideals of LðEÞ; and we also treat non-Banach
spaces E:

We recall the natural inclusion of E�#E in LðEÞ: f ðeÞ :¼
P

/e�i ; eSei if f ¼P
e�i #eiAE�#E: This inclusion is dense if we consider the strong operator

topology (SOT) on LðEÞ; i.e. the topology of pointwise convergence. Indeed, if
SALðEÞ and x1;y; xnAE; we fix a projection P : E-spanfx1;y; xng and then
S 3 PAE�#E; S 3 Pxi ¼ Sxi; i ¼ 1;y; n: E�#E; as a subspace of LðEÞ with the
operator norm, inherits the injective topology E�#e E associated with the tensor
norm e; which is the coarsest tensor norm. Moreover, the restriction of LT to E�#E

coincides with I#T :

Theorem 2.3. Let fTn : E-E; nANg be a commuting sequence of operators

defined on a separable Banach space E: Let us consider the left multiplication

operators

LTn
: LðEÞ-LðEÞ : S/Tn 3 S; nAN;

on the algebra LðEÞ endowed with the SOT. The following are equivalent:

(i) fTngNn¼1 satisfies the UC,

(ii) fLTn
gNn¼1 is universal.

In particular, if T : E-E is an operator, then the following are equivalent:

(i) T satisfies the HC (respectively, is chaotic),
(ii) LT is hypercyclic (chaotic).

Proof. ðiÞ-ðiiÞ We first observe that E and ðE�; sðE�;EÞÞ are separable. Indeed, we
have that the closed unit ball B of E�; being sðE�;EÞ-compact and sðE�;EÞ-
metrizable, is sðE�;EÞ-separable. We pick a countable weak-� dense subset XCE�

and define Y as the jj:jj�-closure of X : Then F :¼ ðY ; jj:jj�Þf##e E is a separable

Banach space. The extension F-E�#E
LðEÞ

of the continuous inclusion gives us an
operator f : F-LðEÞ with dense range since spanfx#e; xAX ; eAEg is dense in

LðEÞ: By Theorem 1.8 fIf##TngNn¼1 is universal on F : The implication follows by
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applying Lemma 1.3 to the commutative diagram

ð2Þ

ðiiÞ-ðiÞ If fLTn
gNn¼1 is universal on LðEÞ we then pick x; yAE such that fx; yg is

linearly independent and consider the following commutative diagram:

where CðRÞ :¼ ðRx;RyÞ; RALðEÞ; and C is surjective. By a recent result of Bernal
and Grosse–Erdmann [5, Theorem 3.3] which improves a previous result of Bès and

the second author [6, Remark 2.6 (3)], we conclude that fTngNn¼1 satisfies the UC

since fTn"TngNn¼1 is universal.

The chaotic case follows from the simple observation that T is chaotic whenever
T"T does. &

2.4. Composition operators in infinite holomorphy

We finally give examples of hypercyclic and chaotic composition operators in
infinite holomorphy as a consequence of our tensor techniques. The first examples of
hypercyclic operators defined on a Fréchet space of entire functions on an infinite
dimensional Banach space were given by Aron and Bès [2]. More precisely they
showed that translation operators are hypercyclic on a certain Fréchet algebra of
entire functions on a Banach space. Here we will treat a different kind of
composition operators: Namely, composition with a linear operator.

We recall that, given a complex Banach space E; the space of entire functions
on E is

HðEÞ :¼f f : E-C : f is continuous and fjF is

holomorphic for each F+E finite dimensionalg:
We will consider on HðEÞ the topology to of uniform convergence on compact

sets on E: The space of bounded entire functions on E is

HbðEÞ :¼ f fAHðEÞ : f ðBÞ bounded for each BCE boundedg:
This space is usually endowed with the topology tb of uniform convergence on the
bounded sets of E: If fAHðEÞ (respectively fAHbðEÞ) then f admits the expression
as a series

f ðzÞ ¼
XN
n¼0

bdndn f ð0Þ
n!

ðzÞ; zAE;
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F. Mart!ınez-Giménez, A. Peris / Journal of Approximation Theory 124 (2003) 7–24 21



where the series converges with respect to ðtbÞ andbdndn f ð0Þ
n!

ðzÞ ¼ 1

2pi

Z
jlj¼1

f ðlzÞ
lnþ1

dl:

Moreover, the map

Pnð f Þ :¼ bdndn f ð0Þ : E-C : z/ bdndn f ð0ÞðzÞ

is a continuous n-homogeneous polynomial.
The space of symmetric n-tensors on a Banach space F is defined by

#
n;s

F ¼
X
iAM

zi#?#zi : M finite; ziAF

( )
+F#?#F :

We denote by #n;s;e F the space of symmetric n-tensors endowed with the injective

tensor norm e: Then #n;s;e E� is a topological subspace of the space ðPðn
EÞ; tbÞ of n-

homogeneous polynomials on E with the topology of uniform convergence on
bounded sets of E: Indeed, one just has to identify

#n;s E� - PðnEÞ
z�#?#z� / P : E - C

z / /z; z�Sn

Via this identification, if we define

G :¼ fAHbðEÞ : Pnð f ÞA#
n;s

E�; 8nAN

� �
+ðHbðEÞ; tbÞ;

then the Fréchet space HbcðEÞ :¼ %Gtb is the algebra of entire functions of compact
type, i.e. the Fréchet algebra generated by the elements of E�: We notice that HbcðEÞ
is precisely the algebra on which Aron and Bès studied hypercyclicity of translation
operators. Our purpose is to study the composition operator RTð f Þ :¼ f 3 T ; for T

linear. Observe that in this case f ðTð0ÞÞ ¼ f ð0Þ: Therefore to get hypercyclicity we
have to consider functions which fix zero. This forces us to define H0ðEÞ :¼
f fAHðEÞ : f ð0Þ ¼ 0g and Hbc0ðEÞ :¼ f fAHbcðEÞ : f ð0Þ ¼ 0g:

Theorem 2.4. Let E be a Banach space with separable dual E� and T : E-E an

operator such that its transpose T� : E�-E� satisfies the Hypercyclicity Criterion (is
chaotic). Then the composition operator

RT : ðHbc0ðEÞ; tbÞ-ðHbc0ðEÞ; tbÞ; f/f 3 T ;

is hypercyclic (chaotic). Conversely, if RT is hypercyclic (chaotic) then we have that

T� : E�-E� is hypercyclic (chaotic). If E has the approximation property and T�

satisfies the Hypercyclicity Criterion (is chaotic), then RT is hypercyclic (chaotic) on

ðH0ðEÞ; toÞ:
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Proof. We recall that

G :¼ fAHbðEÞ : f ð0Þ ¼ 0; Pnð f ÞA#
n;s

E�; 8nAN

� �
is a dense subspace of Hbc0ðEÞ: If fAG; then PnðRTð f ÞÞ ¼ Pnð f Þ 3 T ¼
ðT�#?#T�ÞðPnð f ÞÞA#n;s E� for all nAN: This shows RTðGÞCG and therefore

RT is well-defined.

The extension f##n;s;e T� ¼: T�
n of T�#?#T� to f##n;s;e E� ¼ #n;s E�tb satisfies

the HC (is chaotic) with respect to a sequence ðmkÞ (independent on n), by a similar

argument to the one of Theorem 1.8. Consequently there are Xn;YnCf##n;s;e E� dense

and Sn;mk
: Yn-f##n;s;e E�; kAN; such that T�

n ; Xn; Yn; and fSn;mk
gNk¼1 satisfy

(i)–(iii) of Definition 1.1, nAN:
Define now X :¼

S
nANð"n

k¼1 XkÞ; Y :¼
S

nANð"n
k¼1 YkÞ (dense subspaces of

Hbc0ðEÞ), Smk
: Y-Hbc0ðEÞ; Smk

:¼ "nANSn;mk
; kAN: It easily follows that

RT ; X ; Y ; and fSmk
gNk¼1 satisfy the conditions of the HC, therefore RT is

hypercyclic (chaotic) on Hbc0ðEÞ:
If RT is hypercyclic, we consider the commutative diagram

where P1 is the surjective map which associates the corresponding 1-homogeneous
polynomial to each entire function. Our Lemma 1.3 does the job.

If E has the approximation property and T� satisfies the HC, once again the
comparison principle yields the conclusion since Hbc0ðEÞ+H0ðEÞ is dense (see,
e.g., [16, Example 2.79]). &

We observe that our result remains valid for (DF)-spaces E with separable strong
dual E0

b: This is a consequence of the fact that, in this case, ðHbðEÞ; tbÞ is also a
Fréchet space by a result of Galindo et al. [17].
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K.D. Bierstedt, J. Bonet, J. Horváth, M. Maestre (Eds.), Progress in Functional Analysis, North-

Holland Mathematics Studies, Vol. 170, North-Holland, Amsterdam, New York, 1992, pp. 135–148.

[18] R.M. Gethner, J.H. Shapiro, Universal vectors for operators on spaces of holomorphic functions,

Proc. Amer. Math. Soc. 100 (2) (1987) 281–288.

[19] G. Godefroy, J.H. Shapiro, Operators with dense, invariant, cyclic vector manifolds, J. Funct. Anal.

98 (2) (1991) 229–269.

[20] K.G. Grosse-Erdmann, Universal families and hypercyclic operators, Bull. Amer. Math. Soc. 36 (3)

(1999) 345–381.

[21] D.A. Herrero, Hypercyclic operators and chaos, J. Operator Theory 28 (1) (1992) 93–103.

[22] C. Kitai, Invariant closed sets for linear operators, Ph.D. Thesis, University of Toronto, 1982.
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